Higher-order accurate solution to electromagnetic scattering problems are obtained at reduced computational cost in a p-variable finite volume time domain method. Spatial operators of lower, including first-order accuracy, are employed locally in substantial parts of the computational domain during the solution process. The use of computationally cheaper lower order spatial operators does not affect the overall higher-order accuracy of the solution. The order of the spatial operator at a candidate cell during numerical simulation can vary in space and time and is dynamically chosen based on an order of magnitude comparison of scattered and incident fields at the cell centre. Numerical results are presented for electromagnetic scattering from perfectly conducting two-dimensional scatterers subject to transverse magnetic and transverse electric illumination.
Introduction
Higher-order spatially accurate representation of partial differential equations (PDE's) are used to efficiently resolve spatially complex physical phenomenon during numerical simulations in many fields of science and engineering. Higher-order spatially accurate schemes are able to resolve spatial variations with lower points per wave length (PPW) in the computational domain as compared to lower order representations. Higher-order spatially accurate methods can achieve similar accuracy levels on much coarser discretization compared to lower-order methods. However, higher-order spatially accurate methods tend to be more expensive on a per-grid-point basis compared to its lower order counterparts which mitigates some of the advantages accruing from the use of coarser meshes. Thus, there is significant motivation in developing computationally low cost higher-order methods for numerically solving PDEs. Multigrid (MG) methods [1, 2] based on cycling the numerical solution through a hierarchy of approximations either in space (h) or in polynomial order (p) or a combination of both have been used commonly to accelerate convergence to steady state of boundary value problems. h-MG methods are common in both finite volume and finite element frameworks while p-MG methods tend to be mostly restricted to mostly finite element framework [3] . Local h or p refinements have long been used, including for solving initial value problems, if the length scales to be resolved are not uniform across the computational domain and can cut down significantly on total computational time [4, 5] . Local refinement in the polynomial order (p ) is again mostly restricted to finite element discretizations. A finite volume based solution of linear hyperbolic PDEs by cycling through successive lower order p-approximations while retaining highest-order accuracy was proposed in Refs. [6, 7] .
In the current work we propose a p-variable finite volume framework with an emphasis on solving electromagnetic (EM) scattering problems in the time domain. In the proposed framework, the time domain Maxwell equations which form a set of coupled linear hyperbolic PDEs, are solved on a fixed grid but with the spatial operator formally varying in accuracy over the computational domain. The harmonic steady state solution obtained retains desired higher-order accuracy in spite of significant and not fixed parts of computational domain, processed using spatial operators of lower including first-order accuracy, during the simulation. The choice of accuracy of the spatial operator, done dynamically, is based on an order of magnitude comparison between the scattered and incident field at the cell center.
The framework requires an unified access to spatial operators of various orders of accuracy.
For the present work the ENO methodology is used to locally obtain spatial operators of the desired accuracy but it may be possible to base it on higher-order numerical methods like spectral finite volume [8] , ADER [9] etc. that similarly provides unified access to spatial operators of varying accuracy. Numerical results are presented for electromagnetic scattering from perfectly conducting circular cylinder and airfoil. 
with wave speed c ≥ 0. We assume u to represent a scattered field variable with
where U and U i respectively represent the corresponding total and incident fields. All variables in equation 1 can be nondimensionalized as u * = u/U i , x * = x/λ and t * = t/T . λ and 
where a is a rational number. In a practical finite difference type formulation approximately 10 PPW or more would be required for a reasonable resolution for EM scattering problems which makes x * at least one order of magnitude less than the representative wavelength λ.
Thus, x * ∼ O(1/10) in terms of order of magnitude. Discretizing scattered variables locally of magnitude ∼ x * × u * with a (m − 1) th order accurate spatial operator will similarly lead to a truncation error with leading term
In terms of order of magnitude, for constant ∆x * ,
using which equation 5 can be approximated as
We assume • If the cell centered scattered variable, u(x, t) ≥ x × U i (x, t) the spatial operator is of order m.
• For cell centered variable
operator is of order m − (n + 1) with n ≥ 0 with U i (x, t) assumed to be of similar order of magnitude throughout the domain and
The above algorithm is used to obtain cheaply higher-order accurate solutions to the canonical problems of electromagnetic scattering in a FVTD framework. A method of lines approach decouples the time and space discretizations and the spatial discretization is obtained using an Essentially Non-Oscillatory (ENO) method which allows easy access to varying orders of spatial accuracy. The current implementation is in the ENO-Roe form [12, 13] , which efficiently implements the ENO reconstruction based on the numerical fluxes instead of the cell averaged state variables and is described for the scalar law. Equation 1 is written as a scalar hyperbolic conservation law
has the spatial derivative at the i th grid point approximated as
where x is the grid size, p the order of the scheme, f i+1/2 the numerical flux function at the right cell-face. The r th order accurate reconstruction of the numerical flux in the ENO scheme is
where α r k,l are the reconstruction coefficients and k the stencil index selected among the r candidate stencils. The stencil S k can be written as
and is locally the smoothest possible stencil. Details regarding reconstruction coefficients and stencil selection for ENO schemes are easily available in literature including Refs. [12, 13] . Extension to the multidimensional system of equations like the time-domain Maxwell's equations can be obtained by decoupling the system into three scalar hyperbolic conservation laws normal to the cell faces [6] .
Governing Equations and Numerical Scheme
The three-dimensional Maxwell's equations, in the differential and curl form in free space, are expressed as
where B is the magnetic induction, E the electric field vector, D the electric field displacement and H the magnetic field vector. J i is the impressed current density vector, D = εE, B = µH with ε and µ respectively the permittivity and permeability in free space. The timedomain Maxwell's equations can also be written in a conservative total field form as [14, 15] 
where
and subscripts indicate components in the Cartesian x, y, z directions. In two dimensions, Maxwell's equations can take two different forms corresponding to transverse magnetic (TM) or transverse electric (TE) waves. The two-dimensional conservative form in general is written as ∂u ∂t
The vectors in equation (17) for the TM waves are (18) while that for the TE waves are
The FVTD method solves the conservative Maxwell's equation in the integral form.
Usually a scattered field formulation is employed with the incident field assumed to be a solution of the Maxwell's equations in free space. Integrating the differential form of the conservation law, represented by equation (15), in the absence of a source term over an arbitrary control volume Ω
F is the flux vector with components f ,g,h in the Cartesian x, y, z directions with superscript 's' indicating scattered field variables. The integral form of the conservation law to be discretized is obtained by applying the divergence theorem as
withn the outward unit normal vector. The two-dimensional spatially discretized form solved for in a scattered and cell-centered formulation in the present work is finally written as [14] A
where the numerical flux [(F (u).nS) j ] k approximates the average flux through face j of cell k and A k represents the area of the quadrilateral cells in structured discretized space. In the present work the Maxwell's equations for TM or TE waves, in its semi-discretized form in equation (22), are solved using higher-order ENO [12, 13] based spatial discretization described above and a second-order Runge-Kutta time integration. The ENO scheme is cast in a p-variable higher-order framework which results in highest (m th ) order accurate solutions in the steady state, even while using spatial approximations with p < m based on an order of magnitude comparison of one or more selected field variable. The scatterers are considered to be perfect electric conductors with the total tangential electric fieldn × E = 0 on the scatterer surface. The scattered field is also assumed to be zero at the outer boundary of the computational domain where boundary conditions are based on characteristics. wave, after which complex surface currents are obtained using a Fourier transform. The bistatic Radar Cross Section (RCS) or scattering width is then computed using a far field transformation [16] . A discussion on the number of incident wave periods to be time-stepped for attaining sinusoidal steady state in a FDTD framework under harmonic incident excitation as attempted here is presented in Ref. [17] . The first problem considered is that of the circular cylinder subject to continuous harmonic incident TM illumination with a/λ = 4.8 where a is the cylinder radius and λ the wavelength of the incident wave [6, 14, 18] . Results The next problem considered is that of illumination by a continuous harmonic incident TE wave and a/λ = 9.6 [6, 14, 18] . The "O" grid with 600 points in the circumferential direction is taken so that the resolution on the scatterer surface again corresponds to 10 PPW. Again, a deliberately coarse discretization is chosen to bring out the effect of spatial order of accuracy on the obtained solution. NACA 0012 Airfoil Variation in computing cost with order of accuracy for a 2D ENO scheme is seen to follow an arithmetic progression [19] . A linear regression analysis of this data yields the computing cost per-cell at the p th -order accuracy to be,
where, the data is normalized with respect to the cost per-cell for a first-order accurate scheme (i.e. C 1 ). For a p-variable method with m = 4, total computing cost (C total ) can be written as,
C p n p = (n 1 + n 2 + n 3 + n 4 )C 1 + 3.55n 2 + 7.1n 3 + 10.65n 4
where, C p is the computational cost per-cell at p th level, and n p the total number of cells being processed at p th level. On the other hand, the uniformly 4 th -order accurate scheme will incur a cost of (n T C 4 = n T (c 1 + 3.65 × 3)) work units, where n T is the total number of cells on the domain. Table 1 shows the saving in computational cost over conventional fourth-order method in terms of work units assuming C 1 = 1 unit. 
